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Abstract
An-type AGT correspondence anticipates that conformal blocks of An
Toda CFT are related to partition functions of a family of 4d N = 2 SCFTs.
We use gauge/vortex duality to both give a precise form of the correspon-
dence, and to prove it. Gauge/vortex duality relates the 4d theories and the
2d theories living on its vortices. Partition functions of the 2d theories on
vortices provide Coulomb-gas representation of An Toda conformal blocks
with discrete internal momenta. This gives a triality of relations between the
gauge theory, its vortices and the Toda CFT. We prove that An triality holds
for conformal blocks of An Toda on a sphere with all full punctures. The
lift to one higher dimensional theories, compactified on a circle of arbitrary
radius, and q-deformation of the Toda CFT, play a key role.
1 Introduction
It is expected [1] that there is a correspondence between a conformal block
of An-type Toda CFT and a partition function of a 4d N = 2 gauge theory.
The 4d theory, which we will denote by T4d, is superconformal, belonging to
a class of theories defined in [2, 3] in terms of n + 1 M5 branes wrapping
a Riemann surface C. The A1 case, for which the Toda CFT becomes the
Liouville CFT, has been studied most extensively.
In this paper, we use gauge/vortex duality to give a precise statement
of the correspondence, which we will prove, for genus zero conformal blocks.
Gauge/vortex duality relates the 4d N = 2 gauge theory in a certain 2d
background to a 2d N = (2, 2) theory on its vortices [4–6].1 We will show
that the correspondence between the 4d gauge theory and An Toda conformal
blocks follows from it. Since the theory on vortices plays a crucial role,
the correspondence between the CFT and the 4d gauge theory is really a
triality. In fact, we will prove a more general statement, involving a one-
parameter deformation of Toda CFT conformal blocks, based on replacing
the W -algebra symmetry that governs the CFT by a q-deformed W -algebra.
1.1 The An Triality
Let T5d be a 5d N = 1 theory, compactified on a circle of radius R. The
theory is defined by the property that its Seiberg-Witten curve agrees with,
in the R to zero limit, the Seiberg-Witten curve Σ of T4d. We take Σ to be
an n + 1 fold cover of a genus zero curve C with full punctures (as well as
some other cases), in the language of [2, 3]. Let V3d be a 3d N = 2 theory
on vortices in T5d. We place T5d in Ω-background, and by restriction V3d as
well. Then, we prove the following:
i.) The partition function of the 3d theory V3d is identical to the q-
1For earlier work see [7–11].
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conformal block of the An-type Toda CFT in Coulomb gas representation
[12]. Coulomb gas requires integral momenta in intermediate channels. These
integers are the ranks of the 3d gauge groups.
ii.) The partition function of V3d, computed by residues, equals the parti-
tion function of T5d at certain integer values of Coulomb branch parameters,
determined by the ranks of the 3d gauge groups. That the two should agree
follows from gauge/vortex duality.
This generalizes the A1 triality, proven in [13], to general n. The An-
triality holds for any values of the ranks Na of the 3d gauge groups, and for
any choice of q = eR~, t = e−Rǫ, the two parameters of Ω-background. In the
large Na limit, where one keeps Naǫ fixed one probes arbitrary values of the
Coulomb branch moduli and arbitrary conformal blocks.
In retrospect, the gauge/vortex duality implies the large N duality of
topological string theory [14–16] by choosing a self-dual Ω background, at
ǫ + ~ = 0. A conjecture that large N duality of topological string theory
provides an explanation of [1] was made in [17]; we prove it here. For a review
of relation to topological string large N duality, see [18]. The gauge/vortex
duality should extend the BPS/CFT correspondence of [19, 20] to a triality,
whenever the CFT has Coulomb-gas formulation.
1.2 Some Finer Points
The lift to 5d is necessary for the following reason. The T4d SCFT correspond-
ing to C with all full punctures has no Lagrangian description, generically.
Its 5d lift T5d turns2 out to have a low energy description in terms of an An
quiver gauge theory with fundamental matter and N = 1 SUSY in 5d, of the
type recently studied in [25, 26]. At the same time, the 3d theory V3d also
has a Lagrangian description, as a 3d N = 2 quiver gauge theory (the quiver
2In [21] theories of this type were called Sicilian gauge theories. Relation of Tn theory
to 5d An quiver gauge theories was discussed recently in [22–24].
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is the hand-saw quiver of [27]).
For An>1 type Toda CFT and its q-deformation, conformal blocks are
more complicated than in the A1 case, because the Virasoro symmetry alone
is in general not enough to fix the basic building block, the sphere with 3
punctures. For example, if all three of the punctures are full, corresponding to
insertions ofW -algebra primaries, the conformal block depends on additional
n(n − 1)/2 moduli. The relation to 3d gauge theory helps us navigate the
problem. The Coulomb gas for q-conformal blocks of An Toda on a sphere
gives the V3d partition functions. From the 3d perspective, when n > 1, the
3d gauge theory has a fairly intricate structure of vacua and corresponding
to this, the choices of contours in defining the partition functions [28]. These
can be completely understood. While Coulomb gas describes only conformal
blocks with specializations, the contours we provide should be helpful in
solving the Toda CFT for n > 1, possibly generalizing [29].3
In section 2, we first review the 4d and the 5d theories, T4d and T5d, and
show that T5d has a Lagrangian description at low energies. This allows us
to compute the partition function of the gauge theory. Taking the 4d limit,
we get the partition function of T4d as well, even though the theory itself
becomes strongly coupled as we send R to zero. In section 3 we describe the
theory on vortices V3d and compute its partition function. In section 4. we
review Coulomb gas approach to An Toda, and its q-deformation. We prove
the part i. of genus zero An-triality. In sections 5 we explain the physics of
gauge/vortex duality and prove part ii. of the An-triality.
2 T5d and M5 Branes
In this section, we begin by reviewing the M5 brane construction of T4d and
its deformation, the 5d theory T5d compactified on a circle of radius R. Then,
3We are grateful for J. Teschner for discussions on this point.
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we show that if C is a genus zero curve with at least two full punctures the
5d theory T5d has a Lagrangian description. This allows us to obtain its
partition function in Ω-background explicitly, and, by taking the R to zero
limit, that of T4d as well.
2.1 M5 branes and T4d
Let Σ be the Seiberg-Witten curve of T4d,
Σ : pn+1 + φ(2)(z)pn−1 + . . .+ φ(n+1)(z) = 0. (2.1)
with meromorphic one form λ = pdz. Σ is n + 1-fold cover of C, which we
take to be a genus zero curve, with coordinate z. This makes p a section of
T ∗C, and φ(k)(dz)k a degree k differential on C.
The Seiberg-Witten curve encodes both the UV and the IR data of the
theory. Specifying the UV data of the theory corresponds to picking a set of
punctures on C where the Seiberg-Witten differential pdz has a pole of order
one, and fixing the residues
(α1, α2, . . . , αn, αn+1)
on the n + 1 sheets. In theories with special unitary, as opposed to unitary,
gauge groups, we would subject this to the condition that
∑n+1
a=1 αa = 0.
The IR data, namely choosing a point on the Coulomb branch of the theory,
corresponds to picking a specific Σ: this can be parameterized [2] by the set of
differentials φ(k)(dz)k on C, which are holomorphic away from the punctures,
and with the behavior at the punctures consistent with the UV data.
At a generic puncture all the residues are distinct. The generic puncture
is a full puncture, in the terminology of [2]. In less generic cases, some
residues may coincide. The punctures are thus labeled by partitions of n+1,
or equivalently, by Young diagrams with n + 1 boxes. Young diagram has a
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column of height k if k residues come together at the puncture. In particular,
the full puncture corresponds to a diagram with a single row, of length n+1.
The Seiberg-Witten curve gives a fairly complicated way of encoding the
theory. For conformal theories like T4d there is a simpler curve that only
captures the theory, as opposed to the theory and a point on the Coulomb
branch – we will call this curve the S-curve. To get the S-curve we simply take
the Seiberg-Witten curve at a point of the moduli space where Σ degenerates
to n+ 1 components:
S :
n+1∏
a=1
(p−W ′a(z)) = 0 (2.2)
where
W ′a(z) =
∑
i
α
(i)
a
z − zi
corresponding to having punctures at z = zi, as well as a puncture at infinity.
Unlike Σ which is a complicated curve of high genus, the S-curve consists of
n+ 1 copies of C, and encodes the UV data in a simple, manifest way. This
point in the moduli space where Σ becomes the S-curve the intersection of the
Coulomb and Higgs branches.4 From the S-curve we can get the Seiberg-
Witten curve at a generic point in the Coulomb branch moduli space by
simply resolving the singularities where different components of the S-curve
meet.5
4As we will discuss below, for us it is natural to take the gauge groups to be of unitary
type, rather than special unitary type. We can reach this point by varying moduli of the
theory, as opposed to couplings, only if the gauge groups are unitary.
5The S-curve is clearly not purely a UV object, since it is based on the Seiberg-Witten
curve at a point in the moduli space; still, it is canonical, and can be used to succinctly
encode the theory geometrically.
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2.2 M5 branes and T5d
The 5d N = 1 theory T5d compactified on a circle of radius R, can be defined
via an M5 brane wrapping its Seiberg-Witten curve. The theory can be
thought of as a deformation of T4d, by one parameter R [30]. In particular, in
the R to zero limit, its Seiberg-Witten curve agrees with the Seiberg-Witten
curve Σ of T4d.
Like in 4d, rather than specifying the Seiberg-Witten curve of the theory,
we can specify its S-curve. The S-curve is a more convenient starting point,
since it encodes only the UV data of the theory, and in a manifest way. The
S-curve of the 5d theory T5d, is
S :
n+1∏
a=1
(ep − Va(ex)) = 0 (2.3)
with the meromorphic one form equal to λ = pdx and where
Va(e
x) =
eζa∏ℓ
i=1(1− ex/f (a)i )
.
The four dimensional curve is recovered by taking the R to zero limit. To
take the limit, one first writes
f
(a)
i = zi e
Rα
(a)
i , (2.4)
and redefines ep by replacing it with factor ep/
∏ℓ
i=1(1 − ex/zi). Then, one
takes R to zero keeping p/R, ζ/R, zi and α
(a)
i fixed. Finally, one defines
z = ex, and replaces p by pz to get (2.2), with its canonical one form λ = pdz.
Note that one of the punctures we get is automatically placed at z = 0.
Like in the 4d case, the S-curve is the Seiberg-Witten curve of T5d, com-
pactified on a circle, at a point where the Higgs and the Coulomb branch of
the theory meet.
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2.2.1 Classification of Punctures in 5d
In 5d, like in 4d, the punctures are classified by the behavior of the Seiberg-
Witten differential λ near them. In 5d, the poles of λ are logarithmic –
meaning that near a pole λ ∼ log(z − z∗)dz/z where z = ex. The fact
that T5d reduces in the R to zero limit to a 4d SCFT, implies there is an
equal number of logarithmic poles on each sheet. When n + 1 poles from
different sheets come close together, at n + 1 positions x = xa,∗ on C, it
becomes natural to define the ”position of the puncture” to be the average
of those,
∑
a xa,∗/(n + 1). The role of residues is played by the positions of
the n + 1 punctures measured relative to this. This naturally corresponds
to separating the center of mass degrees of freedom of the M5 branes from
the relative ones. Thus, in 5d, the parameters to specify at each puncture
are no longer divided sharply into position of the puncture and the value of
residues. Yet, we will borrow the 4d terminology, and call the ”positions”
of the punctures the center of mass positions in 5d, and the ”residues” the
positions of the punctures relative to the center of mass.
In the most generic case, corresponding to the full puncture, we have a
pole at on each of the n+ 1 sheets of the S-curve above the puncture on C,
but at distinct values of x. In our terminology, all the 5d residues are distinct
then. Alternatively, some of the punctures coming from different sheets may
coincide at xa,∗ = xb,∗, for some distinct a, b, and then the corresponding
residues coincide. In principle, it is possible to have punctures coincide com-
ing from the same sheets of the Riemann surface, however we will disallow
this. This is a realization of the ”s-rule” in the language of Riemann surfaces.
Riemann surfaces wrapped by the M5 branes that violate the ”s-rule” are
too singular to correspond to physical theories: any attempt to resolve the
singularity results in breakdown of supersymmetry. Thus, as is common, we
will exclude them. In 5d, it is also possible for a number ℓ(n + 1) of the
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poles to come together, where ℓ is an integer bigger than one. One can do so
without violating the s-rule, provided some judicious choice of how punctures
come together. It is easy to show that these higher ℓ 5d punctures become
indistinguishable from ordinary punctures, with first order poles, in the 4d
limit.
We encode, as in [2], the behavior of the S-curve (and the Seiberg-Witten
curve Σ) near a puncture at a point P on C by a Young diagram YP . A col-
umn of height m in the Young diagram YP corresponds to having a puncture
where m of the residues coincide. Placing them in a column also reminds us
that no two punctures corresponding to it may come from the same sheet.
Finally, only those Young diagrams arise which have n+1 boxes – or, excep-
tionally in 5d, a multiple ℓ of that.
2.3 T5d is a 5d Quiver Gauge Theory
A sign of usefulness of going to five dimensions is that T5d has a Lagrangian
description as a quiver gauge theory of An type.
6 A sufficient condition for
this is that the parameters ζa entering the 5d S-curve are generic, since ζa
determine the 5d gauge couplings. For the partition function to make sense
as a power series in instanton contributions, all we need is |eζa | < 1. This
corresponds to a theory of n + 1 M5 branes on a genus zero curve C with
two full punctures, at z = 0 and z =∞, and where the rest of the punctures
can be arbitrary. (The simplest case turns out to be the most generic one –
where all the punctures on C are full.) Five dimensional gauge theories of
this type, compactified on a circle, were studied in [25, 31, 32], and elsewhere.
Thus, introducing a circle allows for a much larger class of theories with a
Lagrangian description. The quiver theory we will end up with is not the
linear quiver theory of [2, 33].
6This holds at intermediate energies. In the far UV, the theory is a strongly coupled
5d N = 1 SCFT of An type, which can be defined using string theory.
8
2.3.1 A Class of 5d An-Type Quiver Gauge Theories
The 5d quiver gauge theory we need is based on the Dynkin diagram of the
An Lie algebra. We will label the nodes of the Dynkin diagram with integers
a = 1, . . . n, as in the figure 1. For each node we associate a unitary gauge
group factor, so that the node labeled by a corresponds to the gauge group
U(da). The gauge symmetry group G5d is
G5d = ⊗na=1U(da). (2.5)
There is a bifundamental hypermultiplet, transforming in (da, db) for every
pair of nodes in the Dynkin diagram with a link between them. The theory
also has a set of ma matter fields in the fundamental representation of U(da),
so that the flavor symmetry group is
F5d = ⊗na=1U(ma). (2.6)
At each node, the ranks da satisfy
∑
b
Cab db = ma, (2.7)
where we set d0 = dn+1 = 0. The matrix Cab is the Cartan matrix of the Lie
algebra, Cab = 2δab − δa,a+1 − δa,a−1.
Figure 1: Quiver for gauge theories of type An.
The Cartan matrix is invertible, so the ranks of the gauge groups of the
5d quiver are uniquely determined from the flavor symmetry group F5d =
9
∏n
a=1 U(ma). However, not every choice of F5d is allowed, since we need
to require na to be integers, na ∈ Z≥0. The choices of the integers ma for
which (2.7) has solutions over integers can be shown to correspond to Young
diagrams YF with a total of ℓ(n+1) boxes, wherema is the number of columns
of height a in YF . For every such flavor Young diagram
YF
we get a 5d An quiver theories satisfying (2.7). In addition, the 5d gauge
theories can have Chern-Simons terms. The 5d Chern-Simons levels ka of
T5d are ka = da − da+1, for the a’th gauge group.
Figure 2: A web diagram for 5d An quiver theories, see section 2.5.
2.3.2 From S-curve To An-Quiver Gauge Theory
The 5d theory T5d is a priori defined by the S-curve. We will associate to
every S-curve in (2.3) a 5d An quiver gauge theory in Fig. 1. The S-curve
is the Seiberg-Witten curve of the quiver theory, at the point in the moduli
space where the Coulomb and Higgs branch meet. Thus, the quiver gauge
theory provides a Lagrangian description of the 5d theory T5d. Let us first
state the correspondence, and then explain how to obtain it.
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The S-curve is an n + 1 fold covering of C with punctures at points Pi.
For each such puncture at z 6= 0,∞, we associated a Young diagram
YPi
with ℓPi(n+ 1) boxes labeling how sheets of S come together over the punc-
ture. The simplest choice, the full puncture, where the residues at the punc-
ture were all distinct, corresponded to the Young diagram with one row and
n+1 boxes, so ℓP = 1 in this case. When a residues coincide at Pi, YPi has a
column of height a. We discussed meaning of the residues and the positions
of punctures for the 5d curves in the previous subsection.
The theory T5d associated with the S-curve is the quiver gauge theory in
figure 1 with the ranks determined by the flavor Young diagram YF which is
a sum of the Young diagrams associated to the punctures on S
YF = ⊕iYPi.
We define the sum of two Young diagrams Y and Y ′ with ma and m
′
a rows
of height a to be a diagram Y ⊕ Y ′ with ma +m′a rows of height a.
To establish this, we proceed as follows. First, we will deform the S-
curve corresponding to going to the generic point of its moduli keeping the
asymptotics fixed, resulting in an irreducible curve Σ. On the one hand,
we show that the resulting Σ is the Seiberg-Witten curve of a the 5d gauge
theory in Fig.1 with flavor symmetry encoded by YF . On the other hand,
per definition, deforming S-curve to Σ corresponds to going onto the generic
point of the Coulomb branch of T5d. This will complete what we want to
show.
The fact that the sum of the Young diagrams at the punctures equals the
Young diagram YF implies that all together, on the S-curve in (2.3) there
are mb distinct values of x, where b punctures come together. In terms of
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the functions Va(e
x) that enter the S-curve, this means that there exist n
functions Qmb(e
x)’s which are polynomials in ex with zeros where Va’s have
poles, such that
n+1∏
a=1
Va ×Qm1
(
Qm2
)2(
Qm3
)3
. . .
(
Qmn
)n
= 1.
and where
Qmb(e
x) =
mb∏
i=1
(1− ex/fb;i),
The zeros of Qmb are assumed to be all distinct. Multiplying the S-curve by∏n
b=1
(
Qmb
)b
, and resolving singularities we can rewrite it as
Σ :
n∏
b=1
(
Qmb
)b
tn+1 +
n∏
b=2
(
Qmb
)b−1
Gd1t
n + . . .+Gdnt + 1 = 0 (2.8)
where t = ep, and the coefficient of tn−k+1 equals
∏n
b=k+1
(
Qmb
)b−k
Gdk(e
x).
Simply rewriting the S-curve in this form, results in polynomials Gdk(e
x) with
coefficients fixed by (2.3). Deforming away from this to Gdk(e
x) a generic
degree dk polynomial in e
x, we get the curve Σ in (2.8).
The claim is that the curve Σ is the Seiberg-Witten curve of the 5d N = 1
quiver gauge theory in Fig. 1, compactified on a circle, with Seiberg-Witten
one form λ = xdt/t. To see this, we will show that there is another four
dimensional limit, in which the 5d Seiberg-Witten curve in (2.8) becomes
the Seiberg-Witten curve of the 4d N = 2 gauge theory with the quiver
given in Fig.1. (Note that we are not claiming this 4d theory is the same as
T4d, or even dual to it – different four dimensional limits result in different
4d N = 2 gauge theories. The 4d limit here merely aids in identifying the
Lagrangian description of T5d.) To take the four dimensional limit, we need
to reinstate R, the radius of the compactification circle, and take the limit
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when R goes to zero. We do so by writing f
(a)
i as f
(a)
i = e
Rµ
(a)
i , and keeping
x/R, epR, eζaR and the µ’s fixed in the limit. The effect of this is that the 4d
curve has the same form as (2.8), but with Q and G replaced by polynomials
of the same degree, but in x, rather than ex. From the results of [2, 33], this
is the Seiberg-Witten curve of the An quiver theory in Fig. 1, as claimed.
The S-curve (2.3) encodes the coupling constants and the mass parame-
ters of T5d, in addition to the flavor symmetry group and the gauge group.
The mass parameters are associated to the positions of the punctures at
z 6= 0,∞, and the values of the residues there. The residues at the z = 0
puncture are related to the values of the gauge couplings in the n gauge
group factors in G5d. The values of the residues at z = ∞ are not indepen-
dent parameters.
2.3.3 4d vs. 5d
While the T5d has a Lagrangian description as a 5d An quiver gauge theory,
T4d does not have a Lagrangian description in general. This is because taking
the four dimensional limit to get (2.2), we also scale the gauge couplings to
infinity, by necessity. The exception is the case when the 5d theory we start
out with has two inequivalent Lagrangian descriptions, related by spectral
duality. The phenomenon of spectral duality was first noted in [34], and
was revisited later in [35, 36]. Then taking the R to zero limit, the 4d
theory we end up with can have a Lagrangian description – based on the
spectral dual 5d description. When we describe the theory in terms of M5
branes on a Riemann surface with Seiberg-Witten one form λ with dλ =
dp ∧ dx, the spectral duality corresponds to the exchange of the roles of p
and x, accompanied by the exchange of Coulomb branch moduli and mass
parameters, with the gauge couplings.7 This can end up relating two a priori
7In 5d, x and p are on the same footing a priori, as the curve lives in C∗ × C∗, with
coordinates ex and ep.
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distinct gauge theory descriptions of the same 5d theory compactified on a
circle. The 5d theory T5d has an An quiver gauge theory description as long
as C has at least 2 full punctures and a number of other arbitrary punctures.
It will have another, spectral dual Lagrangian description, if there are exactly
two other punctures, at P1 and P2 on C, with ℓP1,2 = 1. In this case, we can
trade the 2 full punctures for n simple punctures, and we end up with a linear
quiver description of [2].
2.4 Partition Function of T5d
Given the Lagrangian description of T5d as an An-quiver gauge theory, we
can compute the partition function of the theory in 5d Ω-background. The
background is defined as a twisted product
(C× C× S1)q,t, (2.9)
where as, one goes around the S1, one rotates the two complex planes by
q = exp(Rǫ1) and t
−1 = exp(Rǫ2). These are paired together with the 5d
U(1)R ⊂ SU(2)R symmetry twist by tq−1, to preserve supersymmetry. The
5d gauge theory partition function in this background is the trace
ZT5d(Σ) = Tr(−1)Fg5d, (2.10)
corresponding to looping around the circle in (2.9). Insertion of (−1)F turns
the partition function of the theory to a supersymmetric partition function.
One imposes periodic identifications with a twist by g where g is a product
of simultaneous rotations: the space-time rotations by q and t−1, the R-
symmetry twist, flavor symmetry rotations fi,± = exp(Rmi,±), and gauge
rotation by ei = exp(Rai) for the i’th U(1) factor. The latter has the same
effect as turning on a Coulomb-branch modulus ai (see [37, 38] for a review).
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The partition function of T5d in this background is computed in [31], using
localization. The partition function is a sum
ZT5d(Σ) = r5d
∑
{R}
eζ·R IT5d;{R} (2.11)
over a collection {R} of 2d partitions:
{R} = {Ra,i}a=1,...ni=1,...da
We get a Young diagram for each U(1) factor in G5d. There are n nodes of
the quiver, with U(da) gauge group at the a’th node, so we get da Young
diagrams for this node. The summand is a product of factors.
IT5d;{R} =
n∏
a=1
zVa, ~Ra zHa, ~Ra zCS, ~Ra ·
n∏
a,b=1
zHa,b, ~Ra, ~Ra (2.12)
The a-th node of the Dynkin diagram contributes
zVa, ~Ra =
∏
1≤i,j≤da
[NRa,iRa,j(ea,i/ea,j)]
−1.
Here ea,i encode the da Coulomb branch parameters of U(da) gauge group,
and NRP (Q) is the Nekrasov function, defined below. The ma fundamental
hypermultiplets at this node contribute:
zHa, ~Ra =
∏
1≤i≤da
∏
1≤j≤ma
N∅Ra,i(vfa,j/ea,i),
Here fa,j encode the masses of the hypermultiplets. The contribution of 5d
Chern-Simons terms for this node reads
zCS, ~Ra =
∏
1≤i≤da
(
TRa,i
)da−da+1
Here TR is the framing factor, defined below. For every pair of nodes a, b
connected by an (oriented) arrow in the Dynkin graph, one gets a factor
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zHa,b, ~Ra, ~Rb =
∏
1≤i≤da
∏
1≤j≤db
[NRa,iRb,j (ea,i/eb,j)]
Ia,b.
where Ia,b is the incidence matrix, equal to either 1 or 0, depending on
whether, in the Dynkin graph, there is an arrow starting at the a’th node
and ending on the b’th. The basic building block of the partition function is
the Nekrasov function
NRP (Q) =
∞∏
i=1
∞∏
j=1
ϕ
(
QqRi−Pjtj−i+1
)
ϕ
(
QqRi−Pjtj−i
) ϕ(Qtj−i)
ϕ
(
Qtj−i+1
) .
with ϕ(x) =
∞∏
n=0
(1 − qnx) being the quantum dilogarithm we previously
introduced. TR = (−1)|R|q‖R‖/2t−‖Rt‖/2, and v = (q/t)1/2 as before (we use
the conventions of [39]).
The partition function depends on two sets of parameters. The moduli of
the S-curve correspond to the choice of the theory, T5d: these are the inverse
gauge couplings, ζa and the mass parameters f(a),α. The gauge couplings
keep track of the total instanton charge, via the combination
ζ ·R =
n∑
a=1
da∑
i=1
ζa |Ra,i|.
There are ma hypermultiplet masses for the node a, encoded in fa’s. The
hypermultiplets at a-th node come from points on C where a residues of the
S-curve come together. The rest of the parameters in the partition function,
the ea’s, label a choice of a point of on the Coulomb branch of the theory
T5d. The normalization factor r5d in (2.12) contains the perturbative and the
one loop contributions to the partition function.
2.5 Other Realizations of T5d in String Theory
There are several other useful realizations of T5d in string theory. Starting
with an M5 brane wrapping the S-curve, corresponding to T5d compactified
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on a circle, one can use string dualities to obtain8 IIB string on a Calabi-Yau
3-fold YS
YS :
n+1∏
a=1
(ep − Va(ex)) = uv. (2.13)
with holomorphic (3, 0) form dudxdp/u – which is defined by the same data
as the S-curve. It turns out that a Calabi-Yau of this form has a mirror XS,
and mirror symmetry implies that IIB string on YS is the same as IIA string
on XS. The latter theory is the same as M-theory on XS × S1. The five
dimensional theory T5d is the 5d N = 1 theory that arises in the low energy
limit of M-theory on XS.
Another way to obtain T5d is via (p, q) five brane webs, using M-theory
on T 2/type IIB on S1 duality [40]. The mirror Calabi-Yau XS is toric,
meaning that it is a T 2 fibration, with fibers that degenerate over a four
dimensional base. M-theory/IIB duality relates loci where (p, q) cycles of
the T 2 degenerate to locations of (p, q) 5-branes in IIB. To the S-curve we
can thus associate a (p, q) 5-brane web. At low energies, the web gives rise
to the 5d N = 1 theory which we called T5d [41]. This explains why M5
branes on the 5d S-curve (2.3) describe a five dimensional theory on a circle,
instead of a purely four dimensional theory.
The (p, q) web diagram associated to 5d quiver theories T5d given ear-
lier can easily be worked out, starting from the S-curves. The poles of the
S-curves located at finite x all correspond to D5 branes, or (1, 0) branes. Co-
incident poles on different sheets correspond to D5 branes colliding together.
These boundary conditions can be represented by D5 branes ending on the
8This follows by compactifying M-theory with an M5 brane on the S-curve on a T 2
transverse to the M5 brane. Since the T 2 is transverse to the branes, it does not change
the low energy physics. By shrinking one of the cycles of the T 2 first, we go to down to IIA
string with an NS5 brane wrapping the S-curve. T-dualizing on the remaining compact
transverse circle, we obtain IIB on YS .
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D7 branes. Pole of the S-curves at ex = 0 correspond to positions of NS5
branes or (0, 1) branes. We will take these to be generic, corresponding to a
full puncture there. From this data, the (p, q) 5-brane charge conservation at
each vertex, and the BPS condition, one can determine the rest of the web
diagram.9
In what follows, we will use these three pictures interchangeably, as they
each make different aspects of the theory easier to capture.
2.5.1 Examples of 5d Quivers, S-curves and Web Diagrams
We give some examples of the 5d A4 quiver gauge theories and the corre-
sponding C-curves with punctures, the S-curves and the web diagrams. For
simplicity, we restrict to the cases with three and four punctures.
The simplest example of this class of theories is a theory with ~m =
(4, 0, 0), i.e. with 4 hypermultiplets transforming in the fundamental rep-
resentation of the leftmost gauge group, as shown on the left part of Fig.
3. Such a theory is geometrically engineered with the help of the Calabi-
Yau defined by the web diagram shown in the center of Fig. 3. The ranks
of gauge groups (3, 2, and 1) can be read off the diagram by counting the
number of vertical lines between the given adjacent horizontal lines, and the
four external vertical lines correspond to the four fundamentals. From this
it follows that an S-curve, associated to this gauge theory, is
4∏
a=1
(
ep − e
ζa
1− ex/f (a)1
)
= 0
This is a four-fold cover of the curve C – sphere with three punctures – with
the four factors corresponding to four individual sheets. Since the positions
of poles at each of the punctures are generic, all three punctures are full, as
shown on the right part of Fig. 3.
9More succinctly, the web diagram is the tropical limit of the S-curve.
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Figure 3: The A4 quiver gauge theory with ~m = (4, 0, 0), the corresponding
web diagram, and the C curve, which is a sphere with three full punctures.
To illustrate a possibility of having more punctures, one could consider
a theory with ~m = (8, 0, 0), i.e. with 8 fundamentals of the leftmost gauge
group, as shown on the left part of Fig. 4. Such a theory is geometrically
engineered with the help of the Calabi-Yau defined by the web diagram shown
in the center of Fig. 4. The ranks of gauge groups (6, 4, and 2) can be read of
the diagram by counting the number of vertical lines between given adjacent
horiszntal lines, and the eight external vertical lines correspond to the eight
fundamentals. Hence the S-curve is
4∏
a=1
(
ep − e
ζa(
1− ex/f (a)1
)(
1− ex/f (a)2
)
)
= 0
Again, this is a four-fold cover of the curve C – sphere with four punctures.
Since the positions of poles at each of the punctures are generic, all four
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punctures are full, as shown on the right part of Fig. 4.
Figure 4: The A4 quiver gauge theory with ~m = (8, 0, 0), the corresponding
web diagram, and the C curve, which is a sphere with four full punctures.
To illustrate a possibility of having complicated (non-full) punctures, one
could consider a theory with ~m = (2, 1, 0), i.e. with 2 fundamentals of the
leftmost gauge group and one fundamental of the middle gauge group, as
shown on the left part of Fig. 5. Because of the middle fundamental, such a
theory cannot be immediately engineered with the help of a toric Calabi-Yau.
However, it can still be described by a limit of a toric Calabi-Yau, namely,
the web diagram shown in the center of Fig. 5. The black dot between two
of the vertical lines stands for the limit, in which the positions of these lines
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are coincident, classically10. It follows that an S-curve is
4∏
a=1
(
ep − e
ζa(
1− ex/f (a))
)
= 0
whith f (3) = f (4). This is a four-fold cover of the curve C – a sphere with
two full and one complicated puncture, the type of which is determined by
the degeneracy of the four lines [1221] (two generic, and a merging pair).
Figure 5: The A4 quiver gauge theory with ~m = (2, 1, 0), the corresponding
web diagram, and the C curve, which is a sphere with two full punctures and
one puncture of type [1221].
10The geometry of the curve captures, per definition, the moduli at q = 1 = t
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3 V3d and Vortices in T5d
Related to the S-curve and T5d is another theory – V3d, a three dimensional
N = 2 gauge theory. We will first describe the theory and then explain the
connection to T5d and the S-curve.
Figure 6: The handsaw quiver.
3.1 A Class of 3d Quiver Gauge Theories
V3d is an An-type quiver theory, with gauge group
G3d = ⊗na=1U(Na). (3.1)
The Dynkin diagram of An underlies the quiver diagram. To a node labeled
by a in the An-Dynkin diagram, we associate the gauge group factor U(Na).
There is a flavor in bifundamental representation (Na, N b) for a pair of nodes
that are linked in the Dynkin diagram. At each node, there is a chiral field
in the adjoint representation of the U(Na) gauge group. Additional mat-
ter, dresses up the An Dynkin diagram: there are ℓ flavors in fundamental
representation, with flavor symmetry rotating the chirals as in the Fig. 6.
(A flavor in representation R of the gauge group consists of a pair of chiral
multiplets transforming in R ⊕ R.) There are two types of superpotential
terms: the first couples the bifundamentals and the adjoint chiral fields at
each node. The superpotential is determined by requiring the sector of the
theory obtained by forgetting the fundamental flavors to have N = 4, d = 3
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supersymmetry. The second type of term is associated with the ”teeth” of
the hand-saw. It couples together a pair of chiral fields in fundamental rep-
resentation at neighboring nodes with bifundamental chirals between them.
The more detailed aspects of the superpotential, such as the coefficients, do
not affect the rest. The 3d Chern-Simons terms are set to zero. The quiver
appeared earlier in the work of Nakajima [27]; we will come back to this later.
The flavor symmetry group of the theory is
F3d × U(1)t (3.2)
where F3d = ⊗na=0U(ℓ) acts on the matter fields according to a the quiver
diagram in Fig. 6. The U(1)t symmetry has its origin in the R-symmetry of
the N = 4 theory at ℓ = 0, before we couple the fundamental matter to the
theory. Under this symmetry, the adjoint chiral fields which originate from
N = 4 vector multiplet have charge 1 while the pair of chiral multiplets in the
bifundamental hypermultiplet have charge −1/2, so that the superpotential
coupling them is invariant. The U(1)t symmetry action on the fundamental
flavors is fixed by the second type of superpotential term, the one related to
teeth. There is a second U(1) symmetry which which also originates from
the R symmetry of the N = 4 theory, which becomes the R-symmetry of the
3d N = 2 theory.
The flavor symmetry of the theory allows us to give masses to some of
the matter fields. This can be done by weakly gauging the global F3d×U(1)t
symmetry, giving expectation values to the scalars in the corresponding vec-
tor multiplets, and then setting their gauge coupling back to zero. Upon
compactifying the 3d theory on a circle, the theory has N = (2, 2) super-
symmetry, the scalars in the vector multiplets get complexified, and the cor-
responding complex mass parameters are the twisted masses. As we will see,
these are the parameters that appear in (2.3).
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3.2 The S-curve and V3d
The S-curve (2.3) ends up encoding key aspects of physics of V3d, at low
energies. On the Coulomb branch, the gauge group G3d is broken to its
maximal abelian subgroup by giving expectation values to the scalars x(a) in
the 3d vector multiplets. Integrating out all the charged matter fields and the
W bosons generates, at one loop, the effective twisted superpotential. The
structure of the twisted superpotential in theories of this kind is reviewed
recently in [42, 43]. In a three dimensional gauge theory on a circle (we set
the radius of the circle, R, to 1 in most formulas), a chiral multiplet of twisted
mass m, transforming in representation Q of the gauge group contributes to
the twisted superpotential by [43, 44]
∆W = πR
2
TrQ(x+m)
2 +
1
2πR
TrQ Li2(−2πR(x+m)).
where Li2(x) =
∑∞
n=1
1
n2
e−nx is the classical dilogarithm. One can show [43]
that the contribution ofW -bosons is equal and opposite to that of a massless
adjoint chiral field. The twisted superpotential is sensitive to the ordinary
superpotential only in so much as the latter restricts the flavor symmetry of
the theory, and the twisted masses we are allowed to turn on.
Consider turning on the twisted masses associated with F3d only, and
setting the twisted mass corresponding to U(1)t to zero (this sets t = 1).
11
One thus specifies ℓ complex parameters x
(a)
∗,i for each of the n + 1 flavor
groups (here a takes n + 1 values and labels the flavor group, and i runs
from 1 to ℓ). In this case, the contributions to the superpotential of the W -
bosons, the adjoint scalars, and the bifundamentals all cancel, and only the
fundamental and anti-fundamental matter contributes. Hence, the effective
superpotential is of the form
11This is natural as t is not a geometric parameter, visible in the curves.
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W =
n∑
a=1
TrU(Na)Wa(x(a)) (3.3)
where the trace is the trace in fundamental representation, and Wa is the
superpotential at node a, depending on the expectation values xa of the com-
plex scalars in the vector multiplet of the 3d gauge theory on a circle. The
hand-saw structure of the quiver implies we can write the superpotential as
∂xWa(x) = pa(x)− pa−1(x) (3.4)
where pa(x) to contains the contributions of the fundamental chirals at node
a: this reflects the fact that the contribution of the anti fundamental chirals
at the node a and of the fundamental chirals at the previous node, coincide.
Furthermore,
epa(x) = Va(e
x) =
eζa∏ℓ
i=1(1− ex/f (a)i )
, (3.5)
where we denoted
f
(a)
i = e
x
(a)
∗,i , i = 1, . . . ℓ
Note that each function pa(x) is determined solely by the corresponding U(ℓ)
subgroup of F3d. The n+ 1 functions pa(x) with ℓ poles each are compactly
in encoded in the curve
S :
ℓ∏
a=0
(ep − epa(x)) = 0
The curve is exactly the same as the S-curve of the 5d theory in the previous
section, provided we identify parameters appropriately. The positions of the
ℓ punctures x
(a)
i,∗ , i = 1, . . . ℓ on the a-th sheet are the background vector
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multiplet scalars in both the 5d and the 3d theory interpretation of the S-
curve.12 Each of the n + 1 U(ℓ) subgroups of F3d corresponds to one of the
sheets of the S-curve in (2.3). The parameters ζa in (2.3) determine the
Fayet-Illiopolous parameters in 3d, and gauge couplings in 5d. They enter
the twisted superpotential linearly, and hence affect p by a constant shift.
3.3 V3d from String Theory
We will now explain how the 3d theory V3d arises in string theory. Later
on, we will use this to show that it describes dynamics of vortices in T5d. It
turns out that V3d arises on D3 branes in IIB string theory compactified on
a blowup of YS in (2.13)
YS :
ℓ∏
a=0
(ep − epa(x)) = uv,
the Calabi-Yau based on the S-curve – the same Calabi-Yau which we first
saw in the previous section. One can view YS as a family of An surfaces, one
for each point in the x-cylinder. After blowing up, at each x, there are n S2’s
of non-zero area. The areas of the S2’s vary with x: they are minimized, yet
non-zero, where the sheets of the S-curve intersect. The theory we called V3d
arises by wrapping N(a) D3 branes on the a-th S
2 class in the An surface.
Let us explain why this is the case.
3.3.1 The ℓ = 0 Case
Consider first the case when ℓ = 0. In this case the Calabi-Yau is a direct
product of the An singularity
12The scalars in vector multiplets of both the 5d N = 1 and 3d N = 2 supersymmetry
are real, and get complexified by compactifying the theories on a circle, as we do here. The
background vector multiplets gauge the flavor symmetry associated to the fundamental
matter multiplets; these are the hypermultiplets in the 5d case and chiral multiplets in 3d.
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ℓ∏
a=0
(ep − eζa) = uv.
and C, where C is a cylinder parameterized by x. At the same time, V3d
is a 3d An quiver theory with N = 4 supersymmetry, compactified on S1.
The quiver of V3d, in this case, is the quiver discovered in [45], describing
fractional branes wrapping the S2’s in an An surface. We take the D3 branes
to be transverse to C – so the compact scalar in their world volume describes
the position on C.13 The rank Na of the quiver gauge group associated
to a-th node of the quiver is the number of the D3 branes wrapping the
corresponding S2 generating the second homology group of the An surface.
The one subtlety is that the Dynkin diagram that is relevant is the Dynkin
of the ordinary An Lie algebra, rather than the affine one. Affine quiver arises
only at the orbifold point – and for ζa constant, but otherwise generic, one
is away from the orbifold point. Away from the orbifold point D-branes
wrapping the affine node are not mutually supersymmetric with the rest, so
one sets the rank of the gauge group on the affine node to be zero [45].
3.3.2 The ℓ 6= 0 Case
For ℓ 6= 0, V3d has only N = 2 supersymmetry. Integrating out the charged
fundamental matter, the theory gets a non-trivial effective twisted superpo-
tential for the scalar in the vector multiplet. The geometric interpretation of
this was given in [46], following [47]. The non-trivial superpotential means
that the An singularity is fibered non-trivially over C with its complex co-
ordinate x identified with scalar in the vector multiplet, complexified by
the holonomy. More precisely, the superpotential W(a)(x) for the a-th node
means that [46]
13At this level, we could have chosen the branes to wrap the S1 equally well, but
consideration of general ℓ will show the perspective we chose is the right one.
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∂xW(a) = 1
2πi
∫
S2
(a),x
ω2,0.
Here, ω2,0 is the holomorphic (2, 0) form on the An surface, taken in the
fiber over the point x on C, and S2(a),x is the S
2 corresponding to the a-th
node, sitting above a point x on C. The integral on the right measures the
symplectic volume of the S2(a); the curve can be holomorphic only where this
vanishes. When this happens, and the S2(a) is holomorphic, the theory has a
supersymmetric vacuum. These in turn are the minima of the superpotential
W(a). This is the content of the above formula, discovered first in [48].
In the present case, taking the effective twisted superpotential to be of
the form given in (3.4)
∂xW(a) = pa(x)− pa−1(x),
we see that it exactly corresponds to the D3 branes wrapping the S2’s in the
blowup of YS, as claimed.
From this, we can deduce the M-theory realization of V3d using string du-
alities which relate IIB string on YS to M-theory with M5 brane wrapping the
S-curve. Blowing up singularities of YS, corresponds, in M5 brane language
to separating in the 3 transverse directions (these are the x7, x8, x9 directions
in the notation of [33]). Moreover, the D3 branes wrapping the P1’s map to
M2 branes stretching between the consecutive pairs of M5 branes.
3.4 V3d Lives on Vortices in T5d
The 3d N = 2 gauge theory V3d is a theory on charge Na vortices in on T5d.
This can be seen as follows.
The vortices in question are non-abelian generalization of Nielsen-Olson
vortex solutions. BPS vortex solutions arise on (baryonic) Higgs branches of
unitary gauge theories such as T5d. Examples of these were constructed in
28
[9, 10]. The BPS tension is set by the value of the FI parameters. The net
BPS charge of the vortex is
N(a) = −
∫
TrF(a),
where F(a) is the field strength of the corresponding gauge group factor and
the integral is taken in the 2 directions transverse to the vortex.14
From the perspective of IIB, going on the Higgs branch of T5d [49, 50]
corresponds to blowing up singularities of YS. The vortices are D3 branes
wrapping the n S2 classes on the blowup [51, 52]. The BPS tension of the
wrapped brane matches the BPS tension of the vortex, and so does its charge.
From the perspective of n + 1 M5 branes wrapping C, the vortices are M2
branes stretching between pairs selected out of n + 1 M5 branes.15 This is
exactly how V3d arises in string theory.
3.4.1 The Hand-Saw Quiver
The hand-saw quiver of V3d given in figure 6 was recently studied by Nakajima
in [27]. We just gave a physical explanation for how this quiver arises in string
theory. 16 This is a generalization of the work of [45] which applies for the
N = 4 theory at ℓ = 0, to arbitrary ℓ. The upshot is that this more general
quiver corresponds to fractional D3 branes on An singularity fibered over C
as opposed to a direct product (C could be a complex plane, or a cylinder in
14Usually, the gauge theories on M5 branes wrapping Riemann surfaces are said to be
of special unitary type, rather than unitary type. There is no contradiction; the U(1)
centers of the gauge groups that arise on branes are typically massive by Green-Schwarz
mechanism. This does not affect the BPS tension of the solutions, see for e.g. discussion
in [45].
15One should not confuse the vortices here with surface operators in the gauge theory,
studied for example in [53, 54]. The surface operators are solutions on the Coulomb branch,
with infinite tension. From the M5 brane perspective, surface operators are semi-infinite
M2 branes ending on M5’s, while vortices we study are M2 branes which end on pairs of
M5’s and are finite extent, in one of their directions.
16For another embedding, see [55], in a somewhat different context.
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our case, depending on whether the quiver theory is or is not compactified
on a circle).
In [27], the Higgs branch of V3d is called the handsaw quiver variety DV3d .
The fact that V3d describes vortices in T5d implies that DV3d is the moduli
space of charge Na vortices in T5d. This statement was in fact proven in [27]
(although the original result is older, going to late 80’s). Briefly, [27] proves
that is DV3d is isomorphic to the so called parabolic Laumon space associated
to a flag variety X = F l(d1, . . . , dn; dn+1), where da = aℓ. The parabolic
Laumon space is roughly the moduli space of holomorphic maps from P1 to
X of degrees (N1, . . . , Nn). One requires that the point at infinity of the P
1
gets mapped to a specific point of the of flag variety X .
It is easy to see that this produces vortex solutions of T5d. To produce a
solution of vortex equations in this theory one needs [56] a holomorphic vector
bundle with gauge group G5d =
∏n
a=1 U(da) and first Chern class
∫
TrFa =
−Na, specifying the vortex charge, together with a set of matter fields of the
quiver of T5d which are holomorphic sections of the bundle, solving the F-
flatness conditions, with fixed values at infinity. A way to solve the F-flatness
conditions is to set all the matter fields of the 5d quiver to zero identically,
except for those transforming in representation (d1, d2) ⊕ · · · ⊕ (dn, dn+1),
corresponding to the horizontal arrows of the quiver in Fig.1 (we only do the
all full punctures case here). The space of remaining bifundamental matter
fields modulo the complexified gauge group is, per definition [57], the flag
variety X appearing in Nakajima’s work. Matter fields provide holomorphic
maps from C – a P1 with marked point – to X , with degrees (N1, . . . , Nn).
The space of such solutions is clearly the parabolic Laumon space of X .
3.5 Partition Function of V3d
Consider V3d in Ω-background – this is the three manifold Mq
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Mq = (C× S1)q.
In Mq, as we go around the S
1, we simultaneously rotate the complex plane
by q, and turn on the flavor symmetry group in (3.2), as well as the U(1)R-
symmetry twist, to preserve supersymmetry. If we denote the element we
twist by g, the partition function of the theory on Mq computes the index
ZV3d = Tr(−1)Fg. (3.6)
g is a combination of SO(2) rotations of C and the holonomy of the U(1)R
symmetry by q, and holonomy for the global symmetry including U(1)t.
The partition function ZV3d can be computed as the integral over the
Coulomb branch:
ZV3d(S;N) =
∫
dx IV3d(x;S). (3.7)
The integrand IV3d(x) is the value of the index (3.6) if we view the Coulomb
branch moduli x as fixed – this renders the theory free. The integration over
the Coulomb branch moduli, denoted by ”
∫
dx ” restores G3d as a gauge,
instead of the global symmetry. The integral runs over the Coulomb branch
moduli for each of the n gauge group factors in (3.1):
”
∫
dx ” =
1
|WG|
n∏
a=1
∫
dNax(a). (3.8)
The integrand receives contributions from massive matter:
IV3d(x;S) =
n∏
a=1
( ℓ∏
i=1
ΦHai (x
(a))
)
ΦVa(x
(a))
(∏
b>a
ΦHa,b(x
(a), x(b))
)
eζa Trx
(a)/~
(3.9)
There is a universal contribution to the index, for each U(Na) gauge group,
coming from the vector multiplet of the would-be N = 4 supersymmetry:
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ΦVa(x
(a)) =
∏
1≤I 6=J≤N(a)
ϕ(ex
(a)
I
−x
(a)
J )
ϕ(t ex
(a)
I
−x
(a)
J )
, (3.10)
The numerator is the W-boson contribution, the denominator comes from
the adjoint chiral of mass ǫ, t = eǫ. The bifundamental hypermultiplet,
corresponding to a a pair of nodes a and b, with a link between them gives:
ΦHa,b(x
(a), x(b)) =
∏
1≤I≤N(a)
∏
1≤J≤N(b)
(ϕ(t ex(a)I −x(b)J )
ϕ( ex
(a)
I
−x
(b)
J )
)Iab
, (3.11)
To indicate the fact that only the pairs of nodes which are linked contribute,
in the partition function the contribution of ΦHa,b gets raised to the power
of the incidence matrix Iab, where Iab = Cab + 2δac and Cab is the Cartan
matrix. In addition, at each node there are ℓ chiral multiplets in fundamental
representation, and ℓ in anti-fundamental representation. A flavor Ha in
fundamental representation of U(Na) gauge group contributes
ΦHa(x
(a)) =
∏
1≤i≤ℓ
∏
1≤I≤Na
ϕ(v ex
(a)
I /f
(a)
i )
ϕ(v−1 ex
(a)
I /f
(a+1)
i )
. (3.12)
In all of the above, the t and the v = (q/t)1/2 factors are related to the
charges under the U(1)R, U(1)t and Lorentz symmetries, up to redefinitions
of the x’s and the masses. We defined
ϕ(z) =
∞∏
n=0
(1− qnz).
The mass parameters f
(a)
i are determined from the S-curve. Namely, on
the one hand, the S-curve encodes the effective twisted superpotential in the
limit in which ~ = ǫ1 and ǫ = ǫ2 go to zero, where q = e
R~, t = e−Rǫ, given
by W(x) in (3.3). On the other hand, the integrand is determined by W:
IV3d(x;S)
~,ǫ→0−→ exp
(
1
~
W(x;S)
)
, (3.13)
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which is a consequence of the fact that ϕ(z)
~,ǫ→0−→ exp(1
~
Li2(z)).
The partition function (3.7) has the form of a matrix integral, in eigen-
value form, with measure ΦVa for the N(a) eigenvalues x
(a). The matrix
integrals are of refined Chern-Simons type [58, 59]. This is natural given
that their string theory origin is the same.
3.5.1 Dependence On The Contour
To fully specify the partition function ZV3d , we need to specify the contours
of integration in (3.7). The choice of contours is crucial: in the next sec-
tion, when we make contact with Toda CFT, the dependence of ZV3d on the
contours will lead to extra parameters for the conformal vertex operators.
The dependence on the contour reflects the choice of the vacuum of the
3d gauge theory at infinity of Mq
17. Classically, the vacua are located at the
intersections of the different components of the S-curve:
Va(e
x) = Vb(e
x). (3.14)
The approximate locations of the solutions to (3.14) can be read off the web
diagrams which capture the 3d limits of the curves. This also allows to count
the vacua: for every pair a, b the curves intersect over ℓ points18 in x, hence,
there are ℓn(n+ 1)/2 vacua all together.
The choice of contours ends up effectively breaking the gauge symmetry,
G3d =
n∏
a=1
U(N(a)) −→
n∏
a=1
da∏
i=1
U(Na,i) (3.15)
where we labeled the contours by pairs a, i and associated a subset x(a),i con-
sisting of Na,i integration variables to each. The symmetry breaking requires
17One may be able to further generalize this by the dependence on the twistorial pa-
rameter, see the recent work [60, 61].
18Assuming all punctures are full; otherwise the count is analogous but different.
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∑da
i=1Na,i = Na and da = ℓ(n− a+ 1).
Each contour is a closed loop in the z = e−x plane, encircling z = 0 and
positions of poles of the integrand. Without loss of generality, the partition
function can be computed by integrating out the groups of variables one by
one, starting from x(1), finishing by x(n). For the last group x(n), when all
other variables are already integrated out and hence all singularities asso-
ciated with ΦHa,b are smeared, the only non-homotopic contours are those
going around the poles of ΦHn ,[
0,
(
vf
(n+1)
i
)−1]
︸ ︷︷ ︸
Nn,i
, i = 1, . . . , ℓ
For the second to last group x(n−1), one has two choices: x(n) is not yet
integrated out, hence both ΦHn−1,n and ΦHn contribute to the pole structure.
The contours associated to these are, respectively,
[
0, x(n),i
]︸ ︷︷ ︸
Nn−1,2i−1
and
[
0,
(
vf
(n)
i
)−1]
︸ ︷︷ ︸
Nn−1,2i
, i = 1, . . . , ℓ
Similarly, for the third to last group x(n−2), one has three choices,
[
0, x(n−1),2i−1
]︸ ︷︷ ︸
Nn−2,3i−2
and
[
0, x(n−1),2i
]︸ ︷︷ ︸
Nn−2,3i−1
and
[
0,
(
vf
(n−1)
i
)−1]
︸ ︷︷ ︸
Nn−2,3i
, i = 1, . . . , ℓ
and so forth. At each step, one more choice appears, due to the poles of the
bifundamental contributions ΦHa,a+1. This explains why, with n, the number
of contours grows as a triangular number ℓn(n+ 1)/2.
In the language of IIB on YS, solutions to (3.14) is where the minimal S
2’s
are located. In M-theory language, this is where the M2 brane vortices have
minimal, BPS mass. Deciding how many branes is located at each solution
of (3.14) is reflected in the breaking pattern in (3.15).
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4 An Toda CFT and Triality
In this section, we review aspects of the 2d An Toda CFT and the Coulomb
gas, or Dotsenko-Fateev (DF), formulation for conformal blocks of the theory.
The theory has a Wn+1-algebra symmetry.
19 The W -algebra admits a q-
deformation, and this results in deformation of the conformal blocks of the
An Toda theory. In the n = 1 case, the Toda CFT reduces to Liouville field
theory, and the W2 algebra is just the Virasoro algebra.
We will show that q-deformed conformal blocks of An Toda CFT on a
sphere, with primary operators inserted, agree manifestly with the partition
function of the vortex theory V3d. This will prove part i. of An-triality.
4.1 Review of An Toda and its W-algebra symmetry.
The An Toda field theory can be written in terms of n+1 free bosons φa in two
dimensions, with canonical kinetic term, a background charge contribution
and the Toda potential that couples them. The action of the theory is
SToda =
∫
dzdz¯
√
g [gzz¯(∂zφ, ∂z¯φ) +Q(ρ, φ)R +
∑
a
e(φ,e(a))].
The inner product is the standard inner product on Rn+1, ρ is the Weyl
vector of the An Lie algebra so (ρ, φ) =
1
2
∑n+1
a=1(n− 2a + 2)φa. The vectors
e(a) stand for the n simple roots,
(φ, e(a)) = φa − φa+1.
The Toda potential couples n of the bosons, but since one boson φ0 =
∑
α φα
remains decoupled from the rest, the correlation functions will factorize. In
defining the Toda field theory one usually decouples this degree of freedom
from the outset; we will not do that.
19See [62] for a recent review, and [63] for the original paper constructing W -algebra of
An type and a theory realizing the symmetry.
35
The primary vertex operators of An Toda are of the form
Vα(z) = e
(α,φ(z)/b)
where α = (α1, α2, . . . , αn+1), for αa generic complex numbers. Conformal
blocks on a sphere with k punctures, in the channel corresponding to the
Fig.7 are given, implicitly, by the following free field correlator,
〈
Vα1(z1) . . . Vαk(zk)
n∏
a=1
QNa(a)
〉
(4.1)
where the screening charges
Q(a) =
∮
dx S(a)(x)
are the integrals over the screening currents Sa(x), one for each simple root,
S(a)(z) = e
b(e(a),φ(z)).
To derive (4.1) one treats the Toda potential as a perturbation. Bringing
down powers of the Toda potential (and picking out a chiral half of the
correlator), inserts screening charge integrals. One finds that (4.1) vanishes
unless a ”charge conservation constraint” is satisfied
2Q− b
n∑
a=1
Nae(a) =
k∑
i=1
αi
correlating the net charge of the vertex operator insertions with the number
of screening charge integrals Na. This constraint can be found directly from
the path integral, by integrating over the zero modes of the bosons [62].
We will place a vertex operator at infinity of the x plane, and then the
equation determining the momentum of the operator at infinity, in terms of
the momenta of the ℓ + 1 remaining vertex operators at finite points and
numbers of screening charge integrals.
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One can easily compute the expectation value of the correlator in (4.1)
by using the free field expansions of the bosons
φa(z) = φa0 + h
a
0 log z +
∑
k 6=0
hak
z−k
k
.
where ψa0 is a constant, and h
a
m , for a running from 1 to n+1, generate n+1
commuting copies of the standard Heisenberg algebra relations
[hak, h
b
m] = k δk+m,0 δ
a,b, a, b = 1, . . . , n+ 1, (4.2)
where k,m ∈ Z.
The Toda CFT has a Wn+1 algebra symmetry. The Wn+1 algebra is an
algebra generated by currents of spin up to n+1 built out of the free fields and
it includes the Virasoro algebra as a subgroup (theW2 algebra is the Virasoro
algebra itself). The W -algebra generators commute with the integrals of the
screening charge operators, expressing the fact that the symmetry of the free
boson CFT is preserved by adding the Toda potential.
From Toda CFT perspective, the S-curve (2.2) that captured the data of
T4d arises very naturally – it encodes the insertions of vertex operators in the
free CFT, before we bring down the screening charge integrals.
4.1.1 q-deformation of An Toda
The q−deformed W -algebra generators are defined by the property that they
commute with the integrals of q-deformed screening charges Sa [64]
S(a)(z) = : exp
(∑
k 6=0
αak z
−k
qk/2 − q−k/2
)
:
where αak’s are simple linear combinations of the boson modes h
a
k,{
αak =
(
t−k/2 − tk/2) (v−khak − ha+1k ) /k (k > 0)
αa−k =
(
q−k/2 − qk/2) (ha−k − vkha+1−k ) /k (k > 0)
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their explicit definition being the same as in [64]. In particular, the hak modes
in what follows still satisfy the Heisenberg algebra (4.2). We therefore obtain
the following form for the screening operators:
S(a)(z) = : exp
(
−
∑
k>0
1− tk
1− qkh
a
k
z−k
k
+
∑
k>0
ha−k
zk
k
)
:
× : exp
(∑
k>0
1− tk
1− qk v
k ha+1k
z−k
k
−
∑
k>0
vk ha+1−k
zk
k
)
:
Note that S(a)(z) contains both the (a)-th and (a + 1)-th sets of modes. In
the limit where q, t go to 1, with t = qβ and β fixed, this reduces, after a
rescaling of h’s to the ordinary W algebra. (Note that β = −b2 = −ǫ1/ǫ2.)
The q-deformed primary vertex operators can be obtained from
Vα(z) =: exp
(∑
k>0
n+1∑
a=1
1
1− qk h
a
k q
kαa
z−k
k
+
∑
k>0
n+1∑
a=1
qk
1− tk h
a
−k q
−kαa
zk
k
)
:
As written, the operator does not have a good q → 1 limit – only its two
point functions with screening charges do. There is an easy fix. The properly
defined vertex operator is obtained from Vα by removing central terms – terms
that commute with the screening operators; what we remove is uniquely
determined by asking that the resulting operator has a well defined q → 1
limit. We will use the same notation Vα for both operators, for simplicity. In
fact, after a specialization of our operator to specific momenta, our answer
agrees with the vertex operators defined in [64]20.
The q-deformation deforms to operators from those of the Toda CFT, by
q and t dependent factors. From the algebra of the operators, it is easy to
work out the q-deformation of the conformal block of the An theory:
Bq−Toda(S;N) =
〈
Vα1(z1) . . . Vαk(zk)
n∏
a=1
QNa(a)
〉
(4.3)
20Operators Vi
RF of [64] are defined for all i from 1 to n + 1, and correspond to the
momenta α = (1, . . . , 1, 0, . . . , 0), where the first i entries are 1, and the rest are 0.
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Let us denote by
∫
dx collectively the integrals over the positions of the
screening charges,
”
∫
dx” =
n∏
a=1
1
Na!
∮ Na∏
I=1
dx
(a)
I
so that
Bq−Toda(S) =
∫
dx Iq−Toda(x),
where the integrand
Iq−Toda(x) =
〈
Vα1(z1) . . . Vαk(zk)
n∏
a=1
Na∏
I=1
S(a)
(
x
(a)
I
) 〉
is the value of the correlator with screening charge contributions.
Figure 7: (l + 2)-point spherical comb conformal block of An Toda theory.
4.2 An-Triality Part i.
The claim in the introduction is that the Coulomb gas expression for the
conformal block is the same as the partition function of the 3d gauge theory
V3d, in Ω-background. The partition function of V3d is given in (3.7),
ZV3d(S;N) =
∫
dx IV3d(x;S).
We will now prove that
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IV3d(x) = Iq−Toda(x).
We will show that the numbers of screening charge integrals map to ranks of
the 3d gauge groups; inserting a vertex operator in q-Toda maps to coupling
the 3d gauge theory V3d to an additional flavor, for each node of the 3d
quiver.
The 3d partition function is a product of terms associated to vector mul-
tiplets and bifundamentals – these are contributions of ΦVa and ΦHa,b – and
the fundamental flavors ΦHa and the FI terms (the exponential factor). The
Toda integrand is also a product of terms from two-point functions
Iq−Toda(x) = r ×
n∏
a=1
k∏
i=1
Ia
(
x(a); zi, αi
)× ∏
1≤a<b≤n
Ia,b
(
x(a), x(b)
)
where
Ia,b
(
x(a), x(b)
)
=
Na∏
I=1
Nb∏
J=1
〈
S(a)
(
x
(a)
I
)
S(b)
(
x
(b)
J
) 〉
and
Ia
(
x(a); z, α
)
=
Na∏
I=1
〈
Vα(z) S(a)
(
x
(a)
I
) 〉
The normalization factor r includes the contributions from the correlators
〈Vαi(z) Vαj (w)〉.
The contributions of vector and bifundamental hypermultiplets to IV3d
map to contributions of two point functions between screening charges to
Iq−Toda(x), and contributions of matter fields map to two-point functions
of screening charges and vertex operators. The only non-trivial two-point
functions that enter Iq−Toda are
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〈
S(a)
(
x
(a)
I
)
S(a)
(
x
(a)
I
) 〉
=
ϕ
(
x
(a)
J /x
(a)
I
)
ϕ
(
tx
(a)
J /x
(a)
I
) ϕ(x(a)I /x(a)J )
ϕ
(
tx
(a)
I /x
(a)
J
) ,
〈
S(a)
(
x
(a)
I
)
S(a+1)
(
x
(a+1)
J
) 〉
=
ϕ
(
u x
(a+1)
J /x
(a)
I
)
ϕ
(
v x
(a+1)
J /x
(a)
I
) ,
〈
Vα(z) S(a)(x(a),I)
〉
=
ϕ(q1−αaz/x
(a)
I )
ϕ(v−1 q1−αa+1 z/x
(a)
I )
,
where u = (qt)1/2. In particular Ia,b
(
x(a), x(b)
)
= 1 for b 6= a, a+1. Therefore
ΦVa
(
x(a)
)
= Ia,a
(
x(a), x(a)
)
,
ΦHa,b
(
x(a), x(a)
)
= Ia,b
(
x(a), x(b)
)
, a 6= b
ΦHai
(
x(a)
)
= Ia
(
x(a); z
)
under the following map of parameters:
q-Toda 3d gauge theory
x
(a)
I e
−x
(a)
I v−a
qαa−1 z−1i f
(a)
i v
a−1
5 Gauge/Vortex Duality and An-Triality
Gauge/vortex duality relates a 4d N = 2 gauge theory in a variant of 2d
Ω-background, and the 2d N = (2, 2) theory on its vortices. The duality
relates T5d and V3d, compacted on a circle. The extra circle naturally enters
in defining the Ω-background. A consequence of the gauge/vortex duality
is the equality of the partition functions of the two theories ZT5d and ZV3d .
We’ll first review the gauge/vortex duality and then prove that it indeed
relates the partition functions.21
21The fact that the BPS spectra of the two theories are related was observed in [7–
11]. The duality was first proposed in [4, 5] based on the fact that, upon turning on Ω
background and specific values of Coulomb branch moduli, the super potentials of the 2d
and the 4d theory agree. The physical explanation for gauge/vortex duality we just gave
appeared first in [6].
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5.1 Review of Gauge/Vortex Duality
On one side of the duality is a 4d N = 2 theory, compactified on a two-
dimensional Ω-background; this system is studied in [65]. Relative to section
two, we set ǫ1 = ~ = 0 momentarily (since the duality holds for any ~), and
ǫ2 = ǫ. The Ω-background is an alternative to compactification [42] – so this
results in a 2d theory N = (2, 2) theory with infinitely many massive modes,
with masses spaced in multiples of ǫ. In addition, we turn on vortex charge
is
∫
D
Fi = −Ni where i labels a U(1) gauge field in the IR, and Fi is the
corresponding field strength. Here, D is the cigar, the part of the 4d space
time with 2d Ω deformation on it. Without the Ω-deformation, turning on
Ni 6= 0 would be introducing singularities in space-time which one would
interpret in terms of surface operator insertions [66]. In Ω-background, one
can turn on the vortex flux without inserting additional operators – in fact,
the only effect of the flux is to shift the effective values of the Coulomb moduli:
ai → ai −Niǫ.
In the Ω-background, the 4d theory in the presence of Ni units of vortex
flux and with Coulomb branch scalar ai turned on is equivalent to the same
theory without flux, but with ai shifted as above. In the Ω-background, ai
always appears in the combination [67]
ai + ǫwDi,w,
where Dw = ∂w+Ai,w is the covariant derivative on the cigar D with complex
coordinate w. With Ni units of flux on D, we have Ai,w = −Ni/w, leading
to the above result.22
22In [67] one proves that any flat gauge field on the punctured disk D, with origin w = 0
deleted, preserves supersymmetry of the Ω background.
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For generic bare values of Coulomb branch moduli ai, and an arbitrary 4d
N = 2 theory we have a single effective description of the 4d theory placed
in 2d Ω-background, with vortex flux turned – this is the description we just
gave. However, theories with baryonic Higgs branches have, for a special
value of ai’s a second way to describe the same system.
We tune the bare values of Coulomb branch moduli ai so the 4d theory
is at the root of the Higgs branch. There, the 4d theory has vortex solutions
of charge Ni – this is the case upon varying FI D-term. The vortices are the
non-abelian Nielsen-Olson vortices of [9, 10]. We get a second 2d theory with
N = (2, 2) supersymmetry – this is the theory on vortices themselves. In
the theory on the vortex, the only effect of the Ω-deformation is to give the
scalar, parameterizing the position of the vortex in the w-plane, a twisted
mass ǫ. The FI D-term that we needed to turn on to obtain the vortex
solutions does not affect the F-terms of the 2d theory - it only changes the
bare value of the gauge coupling, which is a D-term. The two descriptions
must be the same in the IR, below the scale set by the 3d gauge coupling
and ǫ.
Having two descriptions of the same physics leads to a duality. What
we cannot completely control in this analysis are the D-terms: the theory
on the vortices may agree with the standard 2d gauge theory only up to D-
term variation. So, we expect equivalence of the two theories up to D-term
variation.
Example of this phenomenon is provided by T5d and V3d, compactified
on a circle. The gauge/vortex duality implies further that if we subject the
theories to a full Ω-background, their partition functions ZT5d and ZV3d will
agree. Here, the parameter that we called t in sections 2 and 3, with t = e−Rǫ,
plays the crucial role in the duality. The second parameter, q, simply goes
along for the ride – it is necessary only when we compute partition functions.
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5.2 Proof of An-Triality, Part ii.
We will now show that partition functions of 5d gauge theory T5d on Mq,t
and its vortex 3d gauge theory V3d on Mq agree – provided we tune the 5d
Coulomb branch moduli to the root of the Higgs branch, and turn on flux.
The fluxes shift the Coulomb branch moduli by the amount proportional to
the vortex flux – or the ranks of the 3d gauge group in the corresponding
vacuum.
We will first start with the case when all punctures are full, with ℓ +
2 punctures in all. Then, T5d can be described by an An quiver theory
from section 2. The gauge group is a product of factors,
∏n
a=1 U
(
da
)
, with
ranks da = (n + 1 − a)ℓ, and with m1 = (n + 1)ℓ matter hypermultiplets
in the fundamental representation of the leftmost factor U
(
d1
)
= U
(
nℓ
)
.
The theory can be conveniently represented by the web diagram on Fig. 8.
The internal vertical lines are labeled by the (exponentials of the) Coulomb
parameters, ea,i, where a = 1, . . . , n and i = 1, . . . , da. The external vertical
lines are labeled by the (exponentials of the) masses of the fundamentals 23
f
(a)
i , where a = 1, . . . , n+ 1 and i = 1, . . . , ℓ.
Let the Coulomb parameters take values
ea,i = v
1−2a tNa,i f
(i mod da)
i÷da
(5.1)
where i ÷ da and i mod da are the quotient (rounded up) and remainder,24
respectively, where Na,i are non-negative integers. Setting Na,i to zero corre-
sponds to the root of the Higgs-branch (up to permutations). The parameters
Na,i determine the amount of shift of Coulomb branch moduli from the root
23Note that the masses of the fundamentals are divided into ℓ groups – each of these
groups in the end will correspond to a full puncture on C. To better emphasize this fact,
we borrow the notation f
(a)
i for the masses from the 3d section: the index i labels the
groups, while the index a distinguishes elements in a group.
24 This somewhat odd-looking rule is just a way to express, in a formula, the association
of Coloumb parameters to the fundamentals shown geometrically on Fig. 8.
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Figure 8: A web diagram of the 5d gauge theory that corresponds to the
spherical comb conformal block of An (here n = 3) Toda theory with full
punctures.
of the Higgs branch: from ea,i = exp(aa,i) to ea,it
Na,i = exp(aa,i−ǫNa,i). This
is an effective description corresponding to staying at the point in the moduli
space where the Coulomb and Higgs branches meet, and turning on vortex
fluxes Na,i along the complex plane rotated by t = exp(−ǫ).
Then, gauge/vortex duality gives T5d has a dual description in terms of
V3d, supported on the vortices wrapping Mq, in the vacuum where the 3d
gauge group is broken as in (3.15), namely from G3d to
G3d −→
n∏
a=1
da∏
i=1
U(Na,i). (5.2)
We will now show that ZT5d , specialized to (5.1) equals ZV3d , in the vacuum
corresponding to (5.2).25
25The association of the ranks of the 3d gauge groups to vortex fluxes in 5d we give here
is consistent with (??).
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The partition function of T5d is a sum
ZT5d = r5d
∑
{R}
eζ·R I5d;{R}
over n(n + 1)ℓ/2 partitions Ra,i, where i = 1, . . . , da and a = 1, . . . , n.
The summand is a product of Nekrasov factors,
I5d;{R} =
n+1∏
a=1
l∏
i=1
nl∏
j=1
N∅,R1,j
(
va−1f
(a)
i
e1,j
)
n∏
a=1
da∏
i=1
da+1∏
j=1
NRa,i,Ra+1,j
(
ea,i
ea+1,j
)
n∏
a=1
da∏
i,j=1
NRa,i,Ra,j
(
ea,i
ea,j
)−1
n∏
a=1
da∏
i=1
(
TRa,i
)ℓ
where the first, second, third lines represent, respectively, are the contribu-
tions of the fundamental, bifundamental, and gauge vector multiplets, and
the last line is the contribution of the 5d Chern-Simons terms. The building
blocks NRP and TR were defined previously in s.2.4.
The starting step of the proof is the observation, that Nekrasov factor
NRP
(
v2t−N
)
with two indices R,P and a non-negative integer N vanishes,
unless l(P ) ≤ l(R) + N . This observation is a simple algebraic corollary of
the explicit formulas for Nekrasov factors, and we take it for granted. There
are enough Nekrasov factors in the numerator of I5d to imply that, if the
Coloumb parameters ea,i are chosen according to the (5.1) rule, then each
partition Ra,i has no more than Na,i rows, i.e., l(Ra,i) ≤ Na,i.
The next step of the proof is to rewrite the Nekrasov functions, which are
a priori defined as infinite double products
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NR,P (Q) =
∞∏
i=1
∞∏
j=1
ϕ
(
QqRi−Pj tρi−ρj+1
)
ϕ
(
QqRi−Pj tρi−ρj
) ϕ(Qtρi−ρj)
ϕ
(
Qtρi−ρj+1
)
in terms of finite products, bounded by l(R) and l(P ). Since all the partitions
now have finite length, this is possible to do: one just needs to break down
the above infinite product over (i, j) into three parts: the product over 0 ≤
i ≤ l(R), 0 ≤ j ≤ l(P ); the product over 0 ≤ i ≤ l(R), j ≥ l(P ); the product
over i ≥ l(R), 0 ≤ j ≤ l(P ). The latter two products are formally infinite,
but enjoy telescoping and hence are, in fact, finite products. Applying this
for the Nekrasov factor NR,P (Q) where partitions R,P have corresponding
Coloumb parameters e1, e2 and lengths N1, N2, we obtain
NRP
(e1
e2
)
=
N1∏
i=1
N2∏
j=1
ϕ
(
e1
e2
qRi−Pj tρi−ρj+1
)
ϕ
(
e1
e2
qRi−Pj tρi−ρj
) ϕ( e1e2 tρi−ρj)
ϕ
(
e1
e2
tρi−ρj+1
)
NR,∅
(
tN2
e1
e2
)
N∅,P
(
t−N1
e1
e2
)
The right hand side, being a ratio of products of quantum dilogarithms taken
at values shifted by t, is very much reminiscent of ΦV , the vector multiplet
contribution to the index of 3d theory that we encountered in section 3.
To make this observation precise, let us apply this formula to rewrite the
contribution of the 5d vector multiplets as
n∏
a=1
da∏
i,j=1
NRa,i,Ra,j
(
ea,i
ea,j
)−1
=
n∏
a=1
ΦVa
(
x(a)
)
ΦVa
(
x
(a)
∅
) · Vvect
where ΦVa is the contribution of the 3d vector multiplet corresponding to a
gauge group of rank N (a) to the index of the 3d theory, evaluated at positions
e−x
(a)
= {v2aea,itρqRa,i}i=1,...,da (5.3)
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and x
(a)
∅ is the specialization of x
(a) to empty partition Ra,i = ∅, while Vvect
stands for all the remaining factors, which we leave untouched for now:
Vvect =
n∏
a=1
da∏
i,j=1
NRa,i,∅
(
tNa,j
ea,i
ea,j
)−1
N∅,Ra,j
(
t−Na,i
ea,i
ea,j
)−1
In complete analogy, the contribution of 5d bifundamentals takes form
n∏
a=1
da∏
i=1
da+1∏
j=1
NRa,i,Ra+1,j
(
ea,i
ea+1,j
)
=
n∏
a=1
ΦHa,a+1
(
x(a), x(a+1)
)
ΦHa,a+1
(
x
(a)
∅ , x
(a+1)
∅
) · Vbifund
where ΦHa,a+1 is the contribution of the 3d bifundamental multiplet corre-
sponding to a gauge group of rank Na to the index of the 3d theory, and
Vbifund stands for all the remaining factors, which we similarly leave for now:
Vbifund =
n∏
a=1
da∏
i=1
da+1∏
j=1
NRa,i,∅
(
tNa+1,j
ea,i
ea+1,j
)
N∅,Ra+1,j
(
t−Na,i
ea,i
ea+1,j
)
At this point, putting all expressions together, we uncover
ZT5d = r5d
∑
{R}
eζ·R
(
n∏
a=1
ΦVa
(
x(a)
)
ΦVa
(
x
(a)
∅
)ΦHa,a+1(x(a), x(a+1))
ΦHa,a+1
(
x
(a)
∅ , x
(a+1)
∅
)
)
·VvectVbifundVfundVCS
where Vfund stands for the contribution of fundamentals
Vfund =
n+1∏
a=1
l∏
i=1
nl∏
j=1
N∅,R1,j
(
va−1f
(a)
i
e1,j
)
and VCS =
∏
a,i T
ℓ
Ra,i
is the 5d Chern-Simons contribution.
The product VvectVbifundVfundVCS may appear to have a lot of factors, how-
ever, there are many cancellations, implied by the identifications (5.1). After
the cancellations are fully accounted for, this product takes form26
26Note, that the 5d Chern-Simons terms are completely cancelled out in the process.
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VvectVbifundVfundVCS =
n∏
a=1
ΦHa
(
x(a)
)
ΦHa
(
x
(a)
∅
)
where ΦHa is the contribution of 3d fundamentals to the index of the 3d
theory, with f
(a)
i we introduced earlier being the (inverses of) masses of 3d
fundamentals. Taking this into account, we arrive at the following expression
for the instanton partition function, which is highly reminiscent of the 3d
index that we described in section 2:
ZT5d = r5d
∑
{R}
eζ·R I5d, I5d =
n∏
a=1
ΦVa
(
x(a)
)
ΦVa
(
x
(a)
∅
) ΦHa,a+1(x(a), x(a+1))
ΦHa,a+1
(
x
(a)
∅ , x
(a+1)
∅
)ΦHa(x(a))
ΦHa
(
x
(a)
∅
)
So far we have been pedantically keeping track of the normalization factors at
x = x∅. This is done for a reason: both the numerators and the denominators
do not make sense on their own, because they have poles precisely at positions
(5.3) for non-negative integer values of Ra,i. The ratios, however, are finite
and coincide with the ratios of residues:
I5d = res
−1
∅
· resR
(
n∏
a=1
eζa Trx
(a)/~ΦVa
(
x(a)
)
ΦHa,a+1
(
x(a), x(a+1)
)
ΦHa
(
x(a)
))
Here resR stands for the residue of the bracketed expression at the point (5.3)
and res∅ is the residue of the same expression at the point x
(a) = x
(a)
∅ . Hence
Z5d is equal, up to the overall proportionality factor, to the sum of residues
of the 3d index, i.e. to that index itself:
ZT5d =
r5d
res∅
∑
{R}
resR
(
n∏
a=1
ΦVa
(
x(a)
)
ΦHa,a+1
(
x(a), x(a+1)
)
ΦHa
(
x(a)
))
=
=
r5d
res∅
∮
dX1 . . . dXn
n∏
a=1
ΦVa
(
x(a)
)
ΦHa,a+1
(
x(a), x(a+1)
)
ΦHa
(
x(a)
)
(5.4)
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This completes the proof.
Note that the constant of proportionality r5d/res∅ is not one only because,
in this derivation, we have chosen to consider only the purely 3d gauge theory
contributions to ZV3d. If we included into consideration of section 3 also the
contribution of the bulk (corresponding to the 5d partition function on the
Higgs branch, where the vortices and V3d live), then the equality between
the 5d gauge theory partition function ZT5d and the ZV3d would be exact,
without any extra proportionality constant. We have checked that this is
indeed the case.
A digression on residues. We have chosen to present this proof by pro-
ceeding from the 5d Nekrasov partition function ZT5d to the 3d gauge par-
tition function ZV3d. However, it is of course possible to go the other way,
starting with ZV3d and showing how do the Nekrasov factors appear as its
residues. We will present this argument here but, for the sake of transparency,
restrict ourselves to the case n = 2, ℓ = 1, which corresponds to the A2-Toda
theory on a sphere with three punctures. In that case, there are two groups
of variables x(1), x(2) (with N1, N2 elements each), that we will call X, Y in
what follows, and
ZV3d =
∮
dX
∮
dY ΦV1(X)ΦV2(Y ) ΦH1(X)ΦH2(Y ) ΦH12(X, Y )
is the 3d index, with potentials
ΦH1(X) =
∏
x∈X
ϕ (q−α1w/x)
ϕ (v−1q−α2w/x)
, ΦH2(Y ) =
∏
y∈Y
ϕ (q−α2w/y)
ϕ (v−1q−α3w/y)
To fully specify the integral, one should fix the contours of integration in it.
As explained in section 3, there are two contours to choose from. The most
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obvious choice is to encircle points 0 and v−1q−α2w for X (resp. points 0
and v−1q−α3w for Y ). Another, less obvious, is to choose a contour for the
variable Xi that encircles points 0 and vYi. This possibility is essentially
new compared to the A1 case that we previously considered in [13], since it
is dictated by the form of the interaction ΦH12 which in the A1 case never
appears.
Because two options for the choice of contours exist, each group of vari-
ables splits into two subsets – this splitting corresponds to breaking of the
G3d gauge symmetry. Let us start by first integrating out X , and then Y . For
X , there are two non-equivalent contours available. Let X1 ⊂ X be those X-
variables, for which the contour encircles the points 0 and X = v−1Y . Note
that this requires a choice of (arbitrary, thanks to permutation symmetry)
subset Y1 ⊂ Y . The number of elements in X1 and in Y1 should be one and
the same, let us denote it M1. The remaining variables in X2 get integrated
over a contour that encircles 0 and v−1q−α2w, the number of such is M2,
with N1 = M1 +M2. After we integrated over the X-variables and proceed
to integrating over the Y -variables, there is only a single contour available,
namely, that encircles 0 and v−1q−α3w, the number of such is N2 = M1+M3.
Having specified the contours of integration, we can evaluate the integral
as a residue sum over positions of poles. The poles that occur for X2 inside
of the contour, encircling the points 0 and v−1q−α2w, come from two distinct
sources: the poles of the vector contribution ΦV1(X), and the poles of the
flavor contribution ΦH1(X). As explained in more detail in [13], the former
has poles proportional to a vector tM2+ρqR2 , the latter fixes the proportion-
ality factor to be at the pole of the potential, i.e. at v−1q−α2w. We thus get
poles at positions
v−1q−α2w
(
tM2+ρqR2
)
i
= ve1,2
(
tρqR2
)
i
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Figure 9: The finer structure of poles.
where R2 is a partition of length N2. Similarly, for Y we get poles at positions
v−1q−α3w
(
tM1+M3+ρqR2
)
i
= v2e2,1
(
tρqP
)
i
where P is some partition of length M1 +M3 that consists two parts, P =
(P2, P1), corresponding to Y2 and Y1, of lengths M3 and M1, respectively.
Finally, for X1 the vector multiplet contribution does not affect poles at
all, because of a cancellation between ΦV1 and ΦH12 from the denominator.
All the poles are determined now by ΦH12(X1, X2) and situated at
v−1(Y1)i
(
qH
)
i
= ve1,1
(
tρqR1
)
i
where H and R1 = H +P1 are partitions of length M1. One can see that the
poles for the a-th group of variables are at positions {vaea,itρqRa,i}i=1,...,da , in
accordance with the first part of this section. Computation of the residues
at these poles and matching them with Nekrasov factors would replicate the
first part of this section. This completes the proof.
Interestingly, this approach – starting from the 3d gauge theory side –
reveals a finer structure in the Nekrasov series expansion of the instanton
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partition function. Namely, as one can see from the above formulas, the
partitions R1 and P1 are not entirely independent: they satisfy a relation
R1 = H +P1 and hence an inequality R1 ≥ P1. Graphically, this means that
the Young diagram associated to the Coloumb parameter e1,1 is bounded by
the (second part of) the Young diagram associated to the Coloumb parameter
e2,1. One can check that Nekrasov factors indeed have this property (vanish,
unless R1 ≥ P1), as one would expect from the residues of the 3d partition
function, in the A2 case.
5.3 Generalization to other T5d gauge theories
We just demonstrated explicitly that ZV3d and ZT5d agree in the case when
all punctures are full. Here we explain how this extends to other cases,
corresponding to two full punctures, at z = 0,∞ and arbitrary punctures
elsewhere. This corresponds to T5d which is a general quiver gauge theory,
with a gauge group
∏n
a=1 U
(
da
)
and arbitrary number ma of matter hyper-
multiplets in the fundamental representation of the a-th factor, subject to
constraints (2.7).
Figure 10: A Hanany-Witten move.
The instanton partition function of this more general theory is a sum
ZT5d =
∑
{R}
I5d
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over d1 + . . . + dn partitions Ra,i, where i = 1, . . . , da and a = 1, . . . , n.
The summand is a product of Nekrasov factors,
I5d =
n∏
a=1
ma∏
i=1
da∏
j=1
N∅,Ra,j
(
vfa,i
ea,j
)
n∏
a=1
da∏
i=1
da+1∏
j=1
NRa,i,Ra+1,j
(
ea,i
ea+1,j
)
n∏
a=1
da∏
i,j=1
NRa,i,Ra,j
(
ea,i
ea,j
)−1
n∏
a=1
da∏
i=1
(
TRa,i
)da−da+1
where the first, second, third lines represent, respectively, the contributions
of the fundamental, bifundamental, and gauge vector multiplets, and the last
line is the contribution of the 5d Chern-Simons terms. The previous section
corresponds to a particular case of
(
m1, . . . , mn
)
=
(
(n + 1)ℓ, 0, . . . , 0
)
.
To find the corresponding ZV3d one may, just as before, rewrite I5d as
a residue of a certain product of quantum dilogarithms – the 3d integrand
I3d. Doing so directly, however, is not the most efficient way to proceed.
It is more convenient to represent ZT5d as a specialization of the theory we
considered in the previous section. By doing so, we reduce the problem to
the previously solved case.
We will prove the following statement:
Proposition. The partition function of T5d can be obtained from the par-
tition function of another theory T full5d , with (mfull1 , . . . ,mfulln ) = ((n + 1)ℓ, 0, . . . , 0).
Upon specialization of the moduli of T full5d , the partition functions equal,
ZT5d = ZT full5d .
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Proof. We will prove this recursively in fundamental hypermultiplets.
The theories T5d and T full5d , where we specialize the moduli of the latter,
are related by a sequence of Hanany-Witten [68] moves, see Fig. 10. The
elementary step of recursion is to relate the partition function of T5d to that of
another theory T5d′, with special moduli. We show that, upon specialization,
Z = Z ′. To obtain T ′ from T we choose a fundamental for k-th gauge group
of T , remove it and add k more fundamentals for the 1-st gauge group. This
means that in T ′ we have m′1 = m1+k, m′k = mk−1 and m′a = ma otherwise.
To satisfy (2.7), we must change the ranks of the gauge groups. For a < k,
we increase the rank of the a-th gauge group in the quiver by k− a: i.e. the
rank d′a = da + k − a for a < k and d′a = da otherwise. The new Coulomb
parameters, say, e′a,i with i = 1, . . . , k − a and a = 1, . . . , k − 1, are related
to the mass of the removed fundamental via e′a,i = v
1−2a−2if , and the masses
of the new fundamentals, say, f ′1,1, . . . , f
′
1,k are related to the mass of the
removed one via f ′1,i = v
−2if .
What we need to prove is Z = Z ′. This is a direct calculation via
Z =
∑
{R}
I{R}, Z ′ =
∑
{R}
I ′{R}
Note that, at a first thought, Z ′ is a sum over a bigger number of partitions
than Z. Indeed, the partitions are in one-to-one correspondence with the
Coloumb parameters, and we added some. However, neither of these extra
partitions actually contributes to the partition function, for the following
reason. Recall that, in the previous section, we noted that Nekrasov factor
NPR(v2) vanishes unless the diagram R is contained in the diagram P . All
the added parameters (both the new Coulomb parameters and the masses of
new fundamentals) are nearly equal to each other and to f , as shown on Fig.
10. The only difference is in the v-shifts, and these v-shifts are precisely such
that the arguments of Nekrasov factors for any pair of partitions associated
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to the newly added lines is v2. This implies a chain of inclusions which forces
each of these newly added partitions to be contained in an empty partition
∅, which is the one associated to the external lines. Since the only partition
contained in ∅ is ∅ itself, we see that all partitions associated to the newly
added lines are empty.
Hence, Z and Z ′ are actually sums over the same set of partitions, and it
remains just to prove that I = I ′. This is easy to do: indeed,
I ′{R}
I{R}
=
k−1∏
a=1
da∏
i=1
TRa,i
n∏
a=1
da∏
i=1
k−a+1∏
j=1
N∅,Ra,i
(
e′(a−1),j
ea,i
)
k−a−1∏
j=1
NRa,i,∅
(
ea,i
e′a+1,j
)
k−a∏
j=1
N∅,Ra,i
(
e′a,j
ea,i
)
k−a∏
j=1
NRa,i,∅
(
ea,i
e′a,j
) =
n∏
a=1
da∏
i=1
k−a+1∏
j=1
N∅,Ra,i
(
e′(a−1),j
ea,i
)
k−a−1∏
j=1
N∅,Ra,i
(
v2
e′a+1,j
ea,i
)
k−a∏
j=1
N∅,Ra,i
(
e′a,j
ea,i
)
k−a∏
j=1
N∅,Ra,i
(
v2
e′a,j
ea,i
) =
=
n∏
a=1
da∏
i=1
k−a+1∏
j=1
N∅,Ra,i
(
v−2j−2a+2
ea,i
)
k−a−1∏
j=1
N∅,Ra,i
(
v−2a−2j
ea,i
)
k−a∏
j=1
N∅,Ra,i
(
v−2a−2j
ea,i
)
k−a∏
j=1
N∅,Ra,i
(
v−2j−2a+2
ea,i
) = 1 (5.5)
where to pass from the first line to the second we used the property of
Nekrasov factors N∅,R(Q) = TRNR,∅(v2Q−1) where TR are the framing fac-
tors, and to pass from the second line to the third we used the specialized
values of the new Coulomb parameters. Note, how the framing factors cancel
out in the process. Note also, that in the above we employed e′(0),j = vf
′
(1),j ,
which shortens the computation allowing to treat the contributions of fun-
damentals as a particular case of the contribution of bifundamentals. Hence
I = I ′, and Z = Z ′.
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This completes the proof of the recursive step. To prove the proposi-
tion, simply apply the above to each fundamental multiplet in T5d one step
at a time. The ultimate result is a certain specialization of a theory with
(mfull1 , . . . , m
full
n ) =
(
(n + 1)ℓ, 0, . . . , 0
)
fundamentals, whose partition func-
tion equals ZT5d . The web diagram of this theory is Fig.(2). The proposition
in fact proves that partition functions of theories related by Hanany-Witten
moves are the same.
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